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Recently, a field theoretic model for a UV complete theory of gravity has been proposed by
Hor˜ava. This theory is a non-relativistic renormalizable gravity theory which coincides with
Einstein’s general relativity at large distances. Subsequently Lu¨ et al have formulated the modified
Friedmann equations and have presented a solution in vacuum. In the present work, we rewrite the
modified FRW equations in the form of usual FRW equations in Einstein gravity and consequences
has been analyzed. Also the thermodynamics of the FRW universe has been studied.
Key words: FRW Universe, Hor˜ava Gravity, Thermodynamics.
PACS numbers: 98.80.Cq, 98.80.-k, 04.60.-m
I. INTRODUCTION
Recently, a renormalizable theory of gravity was proposed by Hor˜ava [1,2]. As this theory follows Lifshitz-
type anisotropic scaling so it is commonly known as Hor˜ava-Lifshitz (HL) gravity. This theory of gravitation
has four possible versions so far - with/without the detailed balance condition and with/without projectability
condition. Among these version without detailed balance and with the the projectability condition is the most
viable one.
Due to detailed balance condition the potential in the 4D Lorentzian action has a specific form in terms of a
3D Euclidean theory and it leads to obstacles from cosmological view point. The projectability condition on
the otherhand, is due to the foliation preserving diffeomorphism invariance - the fundamental symmetry of the
theory. This new theory of gravity do not considered the space and time on an equal footing- only the general
covariance is retained at large distance and coincides with general relativity. In fact, it is a non-relativistic
renormalizable field theory model for gravity having UV completeness. Using parameterized form [2] of the four
dimensional metric as
ds2 = −N2 dt2 + gij(dxi −N idt)(dxj −N jdt) (1)
and using ADM formalism, the Einstein-Hilbert action has the form
SEH =
1
16πG
∫
d4x
√
g N(kijk
ij − k2 +R− 2Λ) , (2)
where G is the Newton’s constant and kij , the extrinsic curvature of a space-like hyper surface with a fixed
time has the expression
kij =
1
2N
[gij − (∇iNj)(∇jNi)] (3)
Here a over dot denotes derivative with respect to ′t′ and covariant derivatives are defined with respect to
the spatial metric gij .
The action of the proposed non-relativistic generalized theory by Hor˜ava [1] has the expression (knowwn as
Hor˜ava -Lifshitz (HL) action)
SHL =
∫
dtd3x
√
g N(L0 + L1) (4)
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2with
L0 =
[
2
k2
(kijk
ij − λk2) + k
2µ2(ΛR− 3Λ2)
8(1− 3λ)
]
and
L1 =
[
k2µ2(1− 4λ)R2
32(1− 3λ) −
k2zijz
ij
2ω4
]
(5)
Here
zij = cij − µω
2
2
Rij ,
cij = ǫikl∇k(Rj l − 1
4
δj l) = ǫ
ikl∇kRjl − 1
4
ǫikj∂kR ; (6)
is known as Cotten tensor and k2, λ, µ, ω,Λ are constant parameters.
In the above HL-action (4) the first two terms are kinetic terms and the rest correspond to potential of the
theory (in ’detailed balance’ form). A comparative study with general relativity shows that the speed of light,
Newton’s constant and the cosmological constant have the expressions
c =
k2µ
4
√
Λ
1− 3λ , G =
k2c
32π
, Λ˜ =
3
2
Λ . (7)
In the present theory [1] λ is a dynamical coupling constant, subject to quantum correction. For λ = 1 the
first three terms in the action (4) are the usual one’s in Einstein’s general relativity. Also from the equation (7)
the expression for the velocity of light shows that Λ should be negative if λ > 13 . Note that the HL-action (4)
remains real [3] under the analytic continuation [4]
µ→ iµ , ω2 → −iω2 , (8)
so that one may choose Λ to be positive for λ > 13 . The cosmological implications of the HL-actions has been
studied in [5-11].
Now variation of the HL-action with respect to N,N i and gij gives the equations of motion
2
k2
(kijk
ij − λk2)− k
2µ2(1− 4λ)R2
32(1− 3λ) +
k2zijz
ij
2ω4
− k
2µ2(ΛR− 3Λ2)
8(1− 3λ) = 0 (9)
∇l(kls − λkgls) = 0 (10)
and
2
k2
E
(1)
ij −
2λ
k2
E
(2)
ij +
k2µ2Λ
8(1− 3λ)E
(3)
ij +
k2µ2(1 − 4λ)
32(1− 3λ) E
(4)
ij −
µk2
4ω2
E
(5)
ij −
k2
2ω4
E
(6)
ij = 0 (11)
where the tensors Eij
(α) (α = 1, 2, ..., 6) are combination of kij , gij , N,Ni and their covariant derivatives
with respect to the three dimensional metric and detailed expressions can be found in [3].
After Hor˜ava [1] developed the new gravity theory, within two-three months Lu¨ et al [3] have obtained static,
spherically symmetric solutions in HL gravity and have shown asymptotically AdS4 solution for λ = 1. Also
they have formulated the modified FRW equations and have obtained vacuum solution for the isotropic model.
In the present work, we rearrange the modified Friedmann equation so that it can be written in the usual
Friedmann equations and interprets the extra terms from the point of view of cosmology. Also thermodynamics
of the FRW universe in HL theory will be investigated.
3II. FRIEDMANN EQUATIONS IN HL-GRAVITY
Immediately, after the proposal for the new gravity gravity theory by Hor˜va [1], Lu¨ et al [4] give cosmological
solutions for this theory. At first they have solved the equations of motion for spherically symmetric space-time
model and have shown the correspondence with AdS4 asymptotically for λ = 1. They have also obtained
solution, deviating slightly from the detailed balance by changing the lagrangian in (4) as
L = L0 + (1− ǫ2)L1.
They have found that for ǫ 6= 0 the metric has a finite mass which diverges in the detailed-balance limit (ǫ = 0).
Further, they have written down the Friedmann equations in the new gravity theory and has solved these
Friedmann equations for vacuum case. For k = +1, they have obtained a bounce in the solution.
For the Fridmann-Lemai´tre-Robertson-Walker model of the space-time with line element
ds2 = −c2dt2 + a(t)2
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdφ2)
]
(k = 1, 0,−1 correspond to a closed, flat or open universe) the non-vanishing equations of motion are [4]
(
a˙
a
)2
=
2c4
(3λ− 1)
[
Λ
2
+
8πGρ
3
− k
a2
+
k2
2Λ a4
]
(12)
and
(
a¨
a
)
=
2c4
(3λ− 1)
[
Λ
2
− 4πG(ρ+ 3p)
3
− k
2
2Λ a4
]
(13)
or equivalently we write
H2 =
2c4
(3λ− 1)
[
Λ
2
+
κ24ρ
3
− k
a2
+
k2
2Λ a4
]
(14)
and
H˙ =
2c4
(3λ− 1)
[−κ24(ρ+ p)
2
+
k
a2
− k
2
Λ a4
]
(15)
where H = a˙
a
, usual Hubble parameter , κ24 = 8πG and ρ, p are respectively the thermodynamic energy
density and pressure of the fluid in the universe. Note that for k = 0 , there is no contribution from the higher
order derivative terms in the action. However, for k 6= 0, these higher derivative terms are significant for small
volume (i.e. small a) and become insignificant for large a, where it agrees with general relativity.
Now, choosing 2c
4
3λ−1 = 1 the above Friedmann equations can be written as
H2 +
k
a2
=
κ24
3
(ρ+ ρHL) (16)
and
H˙ − k
a2
= −κ
2
4
2
(ρ+ p+ ρHL + pHL) (17)
where
4ρHL =
3
κ24
(
Λ
2
+
k2
2Λa4
)
(18)
and
pHL =
1
κ24
(
−3Λ
2
+
k2
2Λa4
)
(19)
One may note that, the equations (16) and (17) are same as the usual Friedmann equations in Einstein gravity
having two fluid system - one the usual fluid present in the universe and the other may be interpreted as the
effect of the HL gravity. If we write ρt = ρ + ρHL and pt = p+ pHL , then from equations (16) and (17) the
conservation equation will be
ρ˙t + 3H(ρt + pt) = 0 (20)
Now if we assume the energy conservation for the ordinary matter i.e.
ρ˙+ 3H(ρ+ p) = 0 (21)
then combining (20) and (21) and using the definition of ρt and pt we have
˙ρHL + 3H(ρHL + pHL) = 0 (22)
Hence we may say that the apparent two fluid system are non-interacting. Therefore we may conclude that
in the present cosmological setting gravity in HL theory may be considered as the Einstein gravity with two
non-interacting fluid system.
We now study the induced fluid systems due to HL gravity. If the cosmological constant is positive then
ρHL > 0 throughout the evolution while pHL is initially positive and becomes negative at a
2 = |k|
(
√
3)Λ
. On the
other hand, for negative cosmological constant ρHL is always negative while pHL starts with negative value but
becomes positive when a2 = |k|
(
√
3)|Λ| . However, for k = 0, it behaves as a cosmological constant. Finally, for
large ′a′ whatever be the choice of k the effect of HL gravity reduces to a cosmological constant i.e. HL-gravity
becomes Einstein gravity with a cosmological constant at large ′a′.
III. THERMODYNAMICS OF FRW UNIVERSE IN HL-GRAVITY
It is well known in the literature that the laws of thermodynamics are valid for the universe bounded by
the apparent horizon. This is true not only in Einstein gravity [12-14] but also in higher derivative Lovelock
theory [15] of gravity. As the present HL gravity theory is shown to be the generalization of Einstein gravity
by including an effective matter term to the original matter so it is expected that laws of thermodynamics will
be valid on the apparent horizon. In this section we shall examine the validity of the generalized second law
of thermodynamics assuming the first law of thermodynamics on the event horizon. Also the matter in the
universe is chosen as the holographic dark energy. Form the principle of the holographic dark energy [16] model
the matter density of the holographic dark energy component can be written as [16]
ρD = 3c
2RE
−2 (23)
where c is any arbitrary parameter. Now the form of the equations of motion are the following:
H2 +
k
a2
=
κ24
3
(ρD + ρHL) (24)
5and
H˙ − k
a2
= −κ
2
4
2
(ρD + pD + ρHL + pHL) (25)
Using the definition of event horizon
RE = a
∫ ∞
a
da
Ha2
=
c
(
√
ΩD)H
(26)
where ΩD =
ρD
3H2 is the density parameter corresponding to dark energy. The equation of state for the dark
energy can be written as
ρD = ωDpD (27)
with ωD is not necessarily a constant.
The amount of energy crossing the event horizon in time dt is given by the expression [15]
− dE = 4πRE3H(ρt + pt)dt (28)
Thus assuming the validity of the first law of thermodynamics the time variation of the horizon entropy is
given by
dSE
dt
=
4πRE
3H
TE
(ρt + pt) (29)
where SE and TE are respectively the entropy and temperature of the event horizon.
To determine the time variation of the entropy of the matter inside the event horizon we use the Gibb’s
equation [17]
TEdSI = dEI + ptdV (30)
where SI and EI are the entropy and energy of the matter inside the event horizon. Note that due
to thermodynamical equilibrium we choose the temperature of the matter distribution is same as that of the
boundary surface (the event horizon).
Using
EI =
4
3
πRE
3ρt and V =
4
3
πRE
3 ,
in the Gibb’s equation and with the help of equations of motion (24) and (25) we have
dSI =
4πRE
2
TE
(ρt + pt)dRE +
HRE
3
TE
(H˙ − k
a2
)dt (31)
To obtain (dRE) we start with the expression of RE in equation (26) and using the conservation equation
(20) for holographic dark energy, we obtain
dRE =
3
2
REH(1 + ωD)dt (32)
Hence the time variation of the matter entropy is given by (after some simplification )
6dSI
dt
=
2πRE
3
TE
H(ρt + pt)(3ωD + 1) (33)
Thus combining equations (29) and (33) the resulting change of total entropy is given by
d
dt
(SI + SE) =
6πRE
3H
TE
(ρt + pt)(ωD + 1) (34)
which gives the same form as in Einstein gravity [18]. But here the restrictions are different from that of the
Einstein gravity.
Now using the deceleration parameter q = −1− H˙
H2
the above expression can be written as
d
dt
(SI + SE) =
12πRE
3H
TE
[
(1 + q)H2 +
k
a2
]
(ωD + 1) (35)
Before going to examine the validity of the second law (generalized) of thermodynamics we first write the
explicit form of (ρt + pt) as follows:
ρt + pt = ρD +
3
κ24
(
Λ
2
+
k2
2Λa4
)
+ pD +
1
κ24
(
−3Λ
2
+
k2
2Λa4
)
= ρD(1 + ωD) +
2k2
κ24Λa
4
(36)
The conclusions are the following:
case I: Λ > 0
If the holographic dark energy satisfies the weak energy condition then the generalized second law of
thermodynamics will always be satisfied as in Einstein gravity. However, if the dark energy does not obey the
weak energy condition then the result is distinct from Einstein gravity: at very early stages of the evolution of
the universe, HL term (i.e the Lambda term) in equation (36)dominates and there is violation of the second law
of thermodynamics. But at later epoch the HL term becomes insignificant, the second law of thermodynamics
will again be valid.
case II: Λ < 0
We see from (36) that ′Λ′ term (i.e. HL term) may have a significant contribution at very early stages
of the evolution of the universe. This means that if the holographic dark energy satisfies the weak energy
condition, ρt + pt may not be positive at very early stages of the evolution of the universe. Thus second
law of thermodynamics may not be satisfied at early stages of the evolution of the universe even if the dark
energy satisfies the weak energy condition. However at later stages of the evolution when HL-term becomes
insignificant, ρt + pt becomes positive then generalized second law is obeyed.
Further, if the weak energy condition is not satisfied by the dark energy (phantom in nature) then second law
of thermodynamics will always be satisfied.Hence we may conclude that HL term has a significant effect for
the validity of the second law of thermodynamics compare to Einstein gravity particularly when dark energy
violates weak energy condition.
For future work, it will be interesting to examine the validity of the first law of thermodynamics at the event
horizon.
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